Traditional scanning mirrors are designed to operate under resonance conditions thus exhibiting low losses and requiring a small driving force/torque. Indeed these devices can achieve large scan angles and low driving forces creating a sinusoidal scanning motion. For some applications, a uniform scanning rate is required and operation in a single resonance frequency does not provide satisfactory results. Unfortunately, the requirement to obtain a non-sinusoidal periodic motion profile increases the required forces to a degree depending on the scanning frequency and the physical behavior of the device. In this work we introduce a novel idea with which a nearly triangular shaped scanning profile is obtained by suitable synthesis of the structural dynamics. The proposed layout tailors the impedance of the vibrating scanning device to be sufficiently low at a range of frequencies in with the desired motion spectrum is largest. It is shown that a multi-degree of freedom structure is most suitable for this purpose (compared with the traditional single degree design) and that by controlling only the amplitude and phase of 3 frequencies, good performance can be achieved. The method is illustrated by a design of a miniature (MEMS) scanning mirror operating at 15
For display scanning systems, a sinusoidal motion profile which is the natural motion type, is inappropriate. Sinusoidal motion moves the light beam in a non-uniform manner thus leading to inferior performance. In order to achieve a uniform scan rate, the scanning mirror should therefore move in a triangular trajectory. When an attempt is being made to create a triangular waveform with a traditional mirror (single degree of freedom, having only one resonance frequency), the needed torque has to be increased significantly. While in a macro scanning mirror this problem might be solved by increasing the actuator capabilities, in a micro scanning mirror the actuator torque is inherently limited because of the requirement to have small dimensions. The present paper presents a solution for this problem by introducing a more elaborate design having several degrees of freedom and therefore several resonance frequencies .
In the first section we show that an increase of 2 orders of magnitude in the torque is required when trying to drive a mirror with a single resonance in a triangular wave form. Next we offer a new mechanical concept, based on multi DOF structure, enabling us to decrease significantly the required torque. In the third section we describe an optimization procedure to tailor the dynamical parameters for a multi DOF structure such that it complies with certain constraints. The proposed method is verified with a simulation and in the laboratory on a macro-sized device. The paper ends with conclusions and a summary.
THE REQUIRED TORQUE FOR UNIFORM SCAN UNDER A TRADITIONAL DESIGN
In order to analyze the amount of torque that is needed, we can decompose the required triangular trajectory into its Fourier series 111. The angular deflection in this form can be expressed as:
where ω is the fundamental frequency of the triangular trajectory and θ α is the desired deflection angle.
For a traditional design, the system behaves according to a second order system having the following gain as a function of angular frequency:
where: co,, -Natural frequency, ω /rad/sec/ -Angular frequency, ζ -Damping Ratio, £/Nm/rad/ -Angular spring rate and r = °y , J /kg-m 2 /-mass moment of inertia.
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Assuming that the natural frequency is equal to fundamental frequency of the Fourier series, the gain of the transfer function at the harmonic frequencies can be calculated by substituting ω = (2n-l)<y" (n= 1,2,3,...) in the first term of equation (2) (or r = 2n -1 in the second term).
θ{ηω" j)
Dividing equation (1) by equation (3), and performing the summation over the harmonic frequencies where we choose the peak torque value (at t=0), we have: 
(4)
A necessary condition for this series to converge is that each element should tend to zero as η go to infinity.
Unfortunately, this limit becomes (when r=l):
Equations 4 and 5 illustrate that a single resonance system (no matter what type of closed loop control will be used) requires infinite torque to produce a perfect triangular wave. This result is indeed not surprising since infinite acceleration is required at the triangular wave's peak.
Luckily, in practice, an exact triangular trajectory is not needed and in most cases only a few harmonics of the triangular Fourier decomposition are sufficient to obtain satisfactory scanning motion. In this work, we chose to use three terms that were found to agree with the optical specifications. Still in the single resonance case, harmonics are taken to represent the triangular trajectory.
The maximum torque ratio between the 3-term triangular motion and a pure sine wave is roughly: 
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For damping ratio of 0.1%, the torque ratio is about 750 (it is expected to have a smaller damping values in a silicon realization). It is therefore required to increase the torque by 2 orders of magnitude with the traditional design when trying to generate the 3-harmonics triangular wave.
In order to reduce the required torque, a new mechanical concept should be developed. In the following section a multi degree of freedom scanning mirror concept is presented in an attempt to fulfill this goal.
MULTI DEGREES OF FREEDOM SCANNING MIRROR CONCEPT
The chosen structure has five degrees of freedom (DOF), exhibiting symmetric and anti-symmetric mode shapes designed to operate in torsion. The mirror is the middle plate and the structure is symmetric around it. Figure 1 illustrates the geometry of the proposed miniature scanning device (about 2000x100 microns).
Fig. 1:
Five mass scanning mirror design.
The structure can be initially idealized as a five-mass system where the angular DOFs were replaced by linear ones for simplicity and illustration purposes. As an initial stage, we have used this simplified model knowing that a more elaborate Finite Element model will be required for the final stage to achieve the required accuracy. <t> sym =(a βι β, βι β)'
This is a standard eignvalues problem (see for example /5/) from which the natural frequencies and eigenvectors, ω,,φ,, r=1.5 are computed. It is shown in the appendix that under the constraint that the natural frequencies should be integer multiples of ω", and with a pre-assigned mirror's mass (m,), we obtain the modal matrix shown below (which is independent of the mass and stiffness):
The same information is provided in the frequency response:
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It can be observed that indeed the modes (columns) of this matrix are either symmetric or anti-symmetric.
As can be seen from eq. (9) and figure 3, for the anti-symmetric modes (φ r =<f> asym ), the center-mass (the mirror) does not move (hence those are zeros for the central mass) while motion in the center is achieved in the symmetric ones (φ, = φ χγ " ). Naturally the actual response depends on the excitation, but here, the relative motion (modeshapes in equation 9) are not a function of any of the mass and stiffness parameters, (only on the mass of the mirror (m,)).
The point mass and the stiffness coefficients are found by solving the inverse eignvalues problem (see appendix) where the symmetric modes are assigned natural frequencies identical to the appropriate Fourier terms as described below.
The lumped model, described in the previous section, is relatively simple but it provides only a rough estimate for the sought parameters. In order to increase the accuracy of the obtained design, a finite-element analysis-based optimization was constructed. This optimization assists us in: 
Translating the lumped model to an initial physical dimensions
Because of the redundancy in the physical dimensions, some dimensions must be predefined. We have used standard formulae (e.g. 161), neglecting the warping function correction /8/ for the estimate of the torsional spring rate. A better accuracy is obtained in the subsequent 3 dimensional finite-element analysis which is used in the optimization stage. The torsional spring rate was defined according to:
and the mass moment of inertia equals to:
FINITE ELEMENT MODEL BASED OPTIMIZATION
./ = 
inertia or stiffness, is influenced by three different dimensions (t, b and a affecting the inertia and t, h and / influencing the stiffness). After setting the two dimensional parameters (e.g. t, b and t, h) the remaining dimension is determined according to equations (10-11).

Simulation example
In this simulation, the desired frequencies of a MEMS mirror were used. In this case we have used:
ω,, =15000 2 π First resonance frequency of 15 kHz and wi, -1.8238x10" 5 Kg^m : -Mirror inertia (Micro mirror).
The parameters corresponding to these requirements were computed using the closed form solution that is provided in the appendix, and arc equal to: In this example we chose to pre-sct the beam cross section dimension and the inertias lengths (the perpendicular to the axis of rotation dimension). The remaining dimensions are set by rearranging equations (10) and (11):
The values set out below were chosen to pre-defined dimensions: Table 1 Pre-defined parameters for the optimization
10 μΜ 15 μΜ 600 μΜ 500 μΜ By using equations (12-13) we obtain the rest of the dimensions: 
As we will show in the next section this dimension vector will be used as the initial condition for the optimization process that modified the dimension in looking for a structure that has the desired frequencies, while the modal analysis to calculate the actual frequencies is based on the finite element model.
Definition of the optimization process
In order to improve the accuracy of the dynamical parameters leading to the desired natural frequencies, an optimization process has been performed. The set of parameters that yields the desired frequencies are found in an optimization process which is described by the following expression:
where Χ is the parameter set (defined in Eq. (14)), J is the cost function to be minimized.
The simplex algorithm /4/, which is robust to scaling and discontinuities in the cost function, was employed in this case to seek the set of parameters minimizing the cost function J. We further define: DAas the desired accuracy vector to enable a weighting of the cost function in a way that enhances the convergence.
OPTIMISATION ALGORITHM
Given a vector of desired frequencies Ω = (ω" 2ω" 3ω" Αω α 5ω (| )
Initial:
χ=χ" -where χ 0 is the lumped model solution
loop:
Use the vector of parameter X to construct finite element modal analysis Solve for the natural frequencies and modeshapes ω Γ ,φ Γ , r=1..5
Compute the vector of absolute frequency deviation ΔΩ, = |Ω, -ω Γ |, r = 1... 5
Calculate the cost function to be minimized: The computed natural frequencies corresponding to the torsional modeshapes were are shown in Table 4 .
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Multi-DOF Micro-Mirror for Scanning The improvement that was achieved by the optimization process is illustrated in Figure 5 . Two frequency response functions are shown in this figure; one for the initial set of parameters and a second one with the optimized set of parameters are shown. It can be clearly seen in Figure 5 that the obtained natural frequencies are considerably closer to the desired values compared with the initial design.
MACRO-SIZE SIMULATOR -EXPERIMENTAL VERIFICATION
A macro-sized demonstration system was designed and optimized and built according to the same principles that were discussed above. The experimental system has an overall length of 42 cm and was designed to possess torsional frequencies at 28, 84 and 140 Hz.
The actual system that uses electromagnetic actuation means is depicted in Figure 6 . The electromagnectic actuation serves as an accurate analog of the electrostatically actuated MEMS mirror, where I. Bucher et al.
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in this case an electromagnetic differential actuator (shown on the top right of Figure 6 ) is being used. The The central mass in Figure 6 simulates the role of the mirror where the adjustable mass (the additional 4 masses) act as the tunable masses assisting us to achieve the desired dynamical behavior. The connecting thin beam is designed to operate in torsion by responding to a differential electromagnetic actuator (top right).
The two magnets exert two forces on the centre mass according to:
(17) h h where i Jc is a constant current that is used for linearization purposes. The net torque applied by the two forces is T eq = (F", n -F h "" om )R where 2R is the spacing between the actuators. Substituting eq. (17), we obtain for a large h (compared with the displacement): 
where A,, Ay, A s are amplitudes and γ λ ,γ^,/ 5 are phases to be tuned such that the response is according to eq. (1).
The obtained structure behaved very close to the finite-element model and an experimentally obtained response of this structure is provided in Figure 7 . This figure shows that the required frequencies are very close to their optimal values, but an additional bending mode was excited (at 60Hz). 
SUMMARY AND DISCUSSION
Presented in this paper is a design methodology for a periodical scanning device exhibiting nonsinusoidal time-response. By a dedicated optimization algorithm and a suggested topology for the vibrating structure, a vibrating device can be designed to create a nearly triangular periodic motion. The obtained structure shows high compliance at certain pre-defined frequencies and therefore requires relatively small forces and a small amount of energy. A laboratory macro-scaled device showed promising results and a subsequent micro-scale device is being designed according to the proposed approach. This device can achieve deflections of several degrees with an excitation of tens of volts. A non-optimized device would have required thousand of volts that would render this approach impractical.
